On equalities in two entropic inequalities 5 

M.E. Shirokov 
Steklov Mathematical Institute, RAS, Moscow 
msh@mi.ras.ru 



Abstract 

A simple criterion for local equality between the constrained Holevo 
capacity and the quantum mutual information of a quantum channel 
is obtained. It implies that the set of all states for which this equality 
holds is determined by the kernel of the channel (as a linear map). 

Applications to Bosonic Gaussian channels are considered. It is 
shown that for a Gaussian channel having no completely depolariz- 
ing components the above characteristics may coincide only at non- 
Gaussian mixed states and a criterion of existence of such states is 
given. 

All the obtained results may be reformulated as conditions for 
equality between the constrained Holevo capacity of a quantum chan- 
nel and the input von Neumann entropy. 



1 Introduction 

The constrained Holevo capacity C(<b,p) (also called x-function) and the 
quantum mutual information /($, p) are important characteristics of a quan- 
tum channel $ related respectively to the classical capacity and to the 
entanglement-assisted classical capacity of this channel [H El [10]. These 
nonnegative characteristics have the following upper bounds 

C(*,p)<H(j>), I(<M<2tf(p), (1) 
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where H(p) is the von Neumann entropy of a state p, and are connected by 
the inequality 

c(<M</(<M. (2) 

The sense of equality in the second inequality in ([TJ is well known: it 
is equivalent to perfect reversibility of the channel $ on the support of the 
state p [5], [10]. In this paper we analyse conditions of equalities in the first 
inequality in (jTJ) and in (T5]) strengthening the results obtained in [T5] . 

In fact, these inequalities are connected via the complementary channel 
$ to the channel $ [HIE]- This follows from the identity 

I($,p)-C(*,p) = H(p)-C($,p) 

valid for any state p with finite von Neumann entropy H(p) (see Section 2). 
This identity shows, in particular, that 

{ p) = /($, p) < +00 } & { C($, p) = H{p) < +00 }. 

So, we may analyse conditions of equality in the first inequality in (TTJ by 
studying conditions of equality in (|2J) and vice versa. 

This idea was used in [15j to show that equality in (|2J) implies that the 
restriction of the channel $ to the set of all states a such that supper C suppp 
is a (discrete) c-q channel (this was a basis step in proving the conditions for 
coincidence of the Holevo capacity and the entanglement-assisted classical 
capacity of a finite-dimensional channel). 

In this paper we prove a simple criterion of equality in ([2]) for an infinite 
dimensional channel $ and a state p with finite (von Neumann) entropy. 
This criterion shows that the set of all mixed states with finite entropy, for 
which equality in (J2J) holds, is expressed via the set ker$ (Theorem EJ). It 
also makes it possible to prove that this equality holds for all states p if and 
only if $ is a completely depolarizing channel (the fact conjectured in [15]). 

We consider application of the obtained results to Bosonic Gaussian chan- 
nels. In particular, we show that for an arbitrary non-completely-depolarizing 
Gaussian channel $ a strict inequality holds in (J2J) for all non-degenerate 
states with finite entropy, while its validity for all mixed states with finite 
entropy is equivalent to the "full rank" property of the operator describing 
transformation of canonical observables. 

The "complementary" results concerning an equality (strict inequality) 
in the first inequality in (TTJ) are presented in the last part of the paper. 
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2 Pleriminaries 



Let H be a separable Hilbert space, 23 (H) and 'X('H) - the Banach spaces 
of all bounded operators in "H and of all trace-class operators in "H corre- 
spondingly, - the closed convex subset of T('H) consisting of positive 
operators with unit trace called states [5j \10\ ■ 

Denote by 1-n and Id% the unit operator in a Hilbert space H and the 
identity transformation of the Banach space T(H) correspondingly. 

Let H(p) and H(p\\a) be respectively the von Neumann entropy of the 
state p and the quantum relative entropy of the states p and a [5j [10] . 

A finite or countable collection of states {pi} with the corresponding 
probability distribution {71^} is called ensemble and denoted {7^,/^}. The 
state p = J2i n iPi i s called the average state of the ensemble {7Tj,pj}. 

The x-quantity of an ensemble {7Tj,pj} (providing an upper bound for 
accessible classical information which can be obtained by applying a quantum 
measurement) is defined as follows 

X(R A}) = J>if( Pi ||p) = H(p) -J2^H( Pl ), (3) 

i i 

where the second formula is valid under the condition H(p) < +00 [5J [TP"] . 

A linear completely positive trace preserving map $ : %(Ha) — > ^(Hb) 
is called quantum channel J5KTU]. The Stinespring theorem implies existence 
of a Hilbert space He and of an isometry V : Ha Hb ®We such that 

$(p) = Tr HE VpV\ peZ(H A ). (4) 

The quantum channel 

%{Ua) 3 P -> $(p) = Tr^pV* e T(^) (5) 

is called complementary to the channel $ [5j [6] . The complementary channel 
is defined uniquely: if $' : 'X('Ha) — > ^(He 1 ) is a channel defined by ([5]) via 
the Stinespring isometry V : 7^ — > 'Kb ®He' then the channels <£> and $' 
are isometrically equivalent in the sense of the following definition [5J. 

Definition 1. Channels $ : I^Ha) -> T(^b) and $' : T(^) -> T(^) 
are isometrically equivalent if there exists a partial isometry W : "H^ Hb' 
such that 

$'(p) = W$(p)W*, $(p) = W*$'(p)W, p G T(H A ). 
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Throughout the paper we will use the following notion. 

Definition 2. The restriction of a channel $ : %(Ha) 3^CHb) to the 
set %(Ho), where T-L is a nontrivial subspace of Ha, is called subchannel of 
$ corresponding to the subspace Hq. 

By definition the complementary channel to the subchannel of an arbi- 
trary channel $ corresponding to any subspace Hq coincides with the sub- 
channel of the complementary channel $ corresponding to the subspace Hq, 
i.e. $ = $\%(Ho), where * = ®\z(u )- 

The following class of quantum channels plays a basic role in this paper. 

Definition 3. A channel $ : %{Ha) — ► ^(Hb) is called classical- quantum 
of discrete type (briefly, discrete c-q channel) if it has the following represen- 
tation 

dimHA 

Hp) = ('I^K p e t(-h a ), (6) 
i=i 

where is an orthonormal basis in Ha and {o~j} is a collection of states 

in e(n B m 

Discrete c-q channel such that o~i = a for all i is a completely depo- 
larizing channel $(p) = [Trp]cr. We will use the following obvious lemma. 

Lemma 1. A channel $ : %{Ha) — > %(Hb) is completely depolarizing if 
and only if Q(\ip)(ip\) = for any orthogonal vectors ip, xp G Ha- 

For given channel $ and ensemble {7Tj, p^} the %-quantity of the ensemble 
{■Ki,®(pi)} will be denoted x^({^i, Pi})- 

The constrained Holevo capacity of a channel $ : T('H J 4) — » X('Hb) at a 
state p G 6("Hyi) is defined as follows 

C($,p)= sup ^({vr;,^}), (7) 

where the supremum is over all finite or countable ensembles {ni,pi} with 
the average state p E]i If H($(p)) < +oo then 

C($,p) = H(<S>(p))-H*(p), (8) 

In infinite dimensions there exist c-q channels of non-discrete type [9l the Appendix]. 
2 In [15] the constrained Holevo capacity C(Q,p) is denoted x*(p) an d called the 
X-function of the channel $. 
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where H<$>{p) = inf^.^ Pi=p J2i ^iH(^(pi)) is the er-convex hull of the function 
p i — y H(<$>(p)). Note that the above supremum and infimum can be taken 
over ensembles of pure states. 

Since monotonicity of the quantum relative entropy implies 

< x({^i,Pi}) < H(p) 
for any ensemble {^i, Pi} with the average state p, the inequality 

C(*,p)<H(j>) (9) 

holds for an arbitrary quantum channel $ and any state p. 

The quantum mutual information of a finite-dimensional channel $ at a 
state p G <&(%a) is defined by one of the formulas 

/($, p) = H{p) + H($(p)) - H(9, p) = H(p) + H(Q(p)) - H@(p)), (10) 

where H(Q, p) is the entropy exchange of the channel $ at the state p [TJ [5]. 

In infinite dimensions this definition may contain uncertainty " oo — oo" , 
but it can be modified to avoid this problem as follows 

/($, p) = H($® ldn R (p) || $ ® ldn R (p ® q)) , 

where 1-Lr is a Hilbert space isomorphic to Ha, p is a purification^! of the 
state p in the space %a®'Hr and £ = Tr^ A p is a state in &{H R ) isomorphic 
to p 0. 

A basic role in this paper is played by the expression 

I($,p) = H(j>) + C($,p)-C@,p) (11) 

valid for an arbitrary quantum channel $ and any state p with finite entropy 
(the condition H(p) < +oo implies finiteness of all the terms in (flT|) ). If 
H(<&(p)) < +oo and (hence) H(Q>(p)) < +oo then this expression is easily 
proved by using (jSJ) and by noting that H$, = .f/g (this follows from coinci- 
dence of the functions p !->■ H($>(p)) and p H(Q(p)) on the set of pure 
states). In general case expression (fTTj) follows from Proposition 4 in [9J. 

3 This means that Tr^ H /5 = p. 
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The constrained Holevo capacity and the quantum mutual information of 
an arbitrary channel $ at any state p are connected by the inequality 

c(<m< m,p)- (12) 

If H(p) < +00 then this inequality directly follows from ([9]) and ( ITTT) . For an 
arbitrary state p it can be proved by using the sequence of finite rank states 
p n = [Tr P n /9] _1 P„p, where P n is the spectral projector of p corresponding 
to its n maximal eigenvalues. Concavity and lower semicontinuity of the 
functions p i-» C*($, p) and p p) imply respectively 

lim £($, p n ) = C{$, p) < +00, lim J($, p n ) = /($, p) < +00. (13) 

n n 

Thus, validity of (fT21) for the state p follows from validity of ffTiZl) for each 
state of the sequence {p„}. 

Expression fill I) shows that under the condition H(p) < +00 inequal- 
ities (JH]) and (TT2|) are, roughly speaking, complementary to each other, in 
particular, 

{ C($, p) = /($, p) < +00 } & { C($, p) = H(p) < +00 }. (14) 

and hence we may analyse conditions of equality in f|T2|) by studying condi- 
tions of equality in Qj. 

Relation f[T4"|) implies the following result essentially used below. 

Lemma 2. Let $ : %{H A ) -> and * : -> T(^c) be 

quantum channels and p a state in &{1-La) such that H(p) < +00. Then 

C(<$>,p) = I($,p) C(Vo$,p) = I(Vo$,p). 

Proof. It follows from the proof of Lemma 17 in [3] that there exists a 
channel such that $ = 6o$o$§ Hence the chain rule for the Holevo 
capacity and (j5J) show that 

(7(8, p) = H{p) £(^7$, p) = #(p). 

By (|T4l) this implication is equivalent to the assertion of the lemma. □ 

4 This fact can be also shown easily by using the representation of a complementary 
channel via the Kraus operators of initial channel ;6, formula (11)]. 
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We will study the case of equality in flU]) by using the concept of re- 
versibility (sufficiency) of a quantum channel with respect to families of 
input states pH Q2 [13]. A channel $ : %{'Ha) -»■ Z(H B ) is called re- 
versible (sufficient) with respect to a family & C (5(7^) if there is a channel 
# : T(^ B ) -)> T(Ha) such that p = * o $(p) for all p G 6. The characteri- 
zation of reversibility is obtained in [TTJ (by generalizing the results of [T5]). 
We will use the following implication of this characterization. 

Theorem 1. Let $ : T('H J 4) — > T('H j b) ^ e o quantum channel and & = 
{Pi} a family of states in (5("H^). Let {iii} be a non- degenerate probability 
distribution such that xiWi, Pi}) < +oo. The channel $ is reversible with 
respect to the family & if and only if 



For our purposes we will need a special case in which the family & con- 
sists of pure states. Necessary and sufficient conditions for reversibility of 
a quantum channel with respect to families of pure states are considered in 
Section 3 in [17]. We will use the following implications of that results. 

Theorem 2. Let $ : %(Ha) — > be a quantum channel and & = 

{\<Pi)(<fi\} a family of pure states in &(Ha)- 

A) If the family & consists of orthogonal states then the channel $ is 
reversible with respect to the family & if and only if 



where He is the subspace of Ha generated by the family {\<Pi)} and {a{\ is 
a collection of states in &(Hb)- 

B) Let & = [j k &k be a decomposition of & into disjoint orthogonally 
non- decomposable subfamilies^ and Pu the projector on the subspace gener- 
ated by all the states in If the channel $ is reversible with respect to the 
family & then it is reversible with respect to the family 



5 This means that p _L a if p E &k and a 6 (3/ for all k ^ I and that for each k there is 
no subspace Hq such that some states (not all!) from &k lie in Hq, while the others - in 



X^>({^i,Pi}) = X({n,Pi})- 



dim "H@ 



*(p)= E (<Pi\p\<Pi)°i VpG6(H 6 ) 




7 



Theorem [2] shows, in particular, that reversibility of a quantum channel 
with respect to at least one family of pure states is equivalent to existence of 
at least one discrete c-q subchannel of the complementary channel. A simple 
criterion of the last property is given by the following lemma (which can be 
proved similarly to Lemma 3 in [T7]). 

Lemma 3. A channel $ : T("Ha) — ► ^(^b) has a discrete c-q subchannel 
if and only if there exists an orthogonal family {\i)} of unit vectors in Ha 
such that = for all i ^ j . In this case the subchannel $|x(-h ) has 

representation (OJ) with T-L = lin{|i)} instead of Ha- 

3 The main results 

By using Theorem [1] and equivalence relation (j!4p it is shown in [15] that 

C*($, p) = /($, p) =>- &\z(h p ) is a discrete c-q channel, 

for a finite-dimensional channel $, where H p is the support of the state 
p. Theorem [2] makes it possible to strengthen this observation by showing 
that $|x(-H p ) is a discrete c-q channel determined by a particular basis of 
eigenvectors of the state p and to generalize it to infinite dimensions. As a 
result we obtain the following criterion of an equality in (Tl2|) for an infinite- 
dimensional channel $ and a state p with finite von Neumann entropy. 

Theorem 3. Let $ : %(%a) ~^ *£(^b) be a quantum channel and 
n($) the set of all orthogonal families of unit vectors in Ha such that 
mi)(j\)=Oforalli^j. 

A) Let p be a mixed state in &(Ha) such that H(p) < +oo. The following 
statements are equivalent: 

(i) C($,p) = /($,p); 

(ii) the set n($) contains at least one basis of eigenvectors of the state p; 

(iii) = YjiiwlelPi)^ f or an V Q e ©C^p)> where U p = suppp, {\<fi)} is 
a particular orthonormal basis of eigenvectors of the state p and {crj} 
is a collection of states in &{Hb)- 

6 Here and in what follows speaking about basis of eigenvectors of a state we mean a 
basis in the support of this state. 
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For a state p with infinite entropy the above statements are related as follows 
(ii) (iii) =>- (i) (with possible infinite values of the both sides of the equality 
in (i) ). 

B) The set (3J of all mixed states p in &{1-La) with finite entropy, for which 
(i) holds, can be represented as follows 




fa} G % , (15) 



where *}3f is the set of probability distributions with finite Shannon entropy. 

Remark 1. By Theorem [3]B the set ©J is completely determined by 
the set ker$ (since the set IT($) is defined via the set ker$). The example 
of a channel $, for which the set n($) contains infinitely many different 
non-complete families of vectors, is considered in the next section (where a 
description of the set n($) for Bosonic Gaussian channels is given). 

Remark 2. The condition H(p) < +oo is essentially used in the proof 
of the implication (i) =>- (ii), (iii) (since it is based on relation f fl4|) ) and it is 
not clear how to relax it. On the other hand, this condition seems technical 
and one can conjecture that the assertions of Theorem [3] and of Corollary [1] 
below are also valid for states with infinite entropyQ 

Proof. A) Note first that (ii) (iii) follows from Lemma [31 

(iii) =>- (i). By Theorem [2A (iii) implies reversibility of the channel $ 
with respect to the family {^^(^l} which shows that C , ($,p) = H(p). So, 
if H(p) < +oo then (i) follows from (j!4j) . 

If H(p) = +oo then this reversibility implies C(Q,p n ) = H(p n ) and 
hence C($,p n ) = J($,p n )_, where p n = [TrP n p] _1 P n p, P n = Ya=i Iv^Xv^I- 
Relations (HH show that C($,p) = I($,p) < +oo. 

(i) =^ (iii) Here we prove this implication assuming that $ is a finite- 
dimensional channel (dim Ha, dimHs < +oo). A general proof is based 
on the same idea but requires technical results (related to the notion of a 
generalized ensemble) and additional approximation, it is presented in the 
Appendix. 

If $ is a finite-dimensional channel then $ is a finite-dimensional channel 
as well (cf. |6j) and hence for any state p G &(Ha) the supremum in the 



7 I would be grateful for any comments concerning this question. 
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expression for C($,p) (expression fl7]) with <3> instead of <3>) is achieved at a 
particular finite ensemble {iii, Pi} of pure states, i.e. 

C($,p) = X$({Ki,pi}), ^2n l p i = p 

i 

(existence of such ensemble can be proved by using the arguments from [H]). 

If (i) holds then <HM implies C(&,p) = H(p) = xifai, Pi}) an d hence 
X$({ 7r i)Pi}) = x({ 7r oPi})- By Theorem [1] this is equivalent to reversibility 
of the channel $ with respect to the family & = {pi}. Let & = [j k &k be a 
decomposition of & into disjoint non-orthogonally-decomposable subfamilies 
(see Theorem [2B). Denote by the set of all indexes i such that p^ £ 
Let be an orthonormal basis of eigenvectors of the positive operator 

Pk = J2iei k n iPi- Since P = Y^kPk an d suppp fc -L suppp^ for all k I, 
{\fk)}ik is an orthonormal basis of eigenvectors of the state p. 

By Theorem 03 the reversibility of the channel $ with respect to the 
family & implies reversibility of this channel with respect to the orthogonal 
family {\<f\) (<Pfc|}ifc (since the last family is contained in the family (5). Since 

the channels <3> and $ are isometrically equivalent (see Definition [T]), Theorem 
[2A implies (iii). 

B) Representation ffTo^) directly follows from the first part of the theorem. 

□ 

Theorem [3] implies sufficient conditions for a strict inequality in f|T2|) . 
Corollary 1. Let $ : T('Ha) — > ^(jHb) be a quantum channel. 

A) If $ is not a discrete c-q channel then (7($,p) < 7($,p) for any 
non-degenerate state p in &{Ha) with finite entropy. 

B) If the set ker$ contains no 1-rank operators then C($,p) < J($,p) 
for any mixed state p in &{Ha) with finite entropy. 

The examples of a channel for which the condition of Corollary [IB holds 
are considered in the next section (Proposition [1] and Example [1]). 

Now we turn to a condition of global equality in (fT2|) and prove the 
strengthened version of the conjecture stated in [15] . 

Corollary 2. // C"($,p) = I(Q,p) for any 2-rank state p then $ is a 
completely depolarizing channel and hence C(Q,p) = J($,p) = for any 
state p. 
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Remark 3. Corollary [2] shows that for any nontrivial channel $ the 
concave nonnegative functions p C($,p) and p h-> J($,p) (equal to zero 
on the set of 1-rank states) are always separated by a particular 2-rank state. 

Proof. By Lemma [1] it suffices to show that $(|y?) = for any 
orthogonal unit vectors <p, if) G %a- 

Let p = 0.3\ip)(f\ + 0.7\if)){if)\ be a 2-rank state in &(7-La)- By the condi- 
tion p) = /($, p) and Theorem [3] implies $(|y?) (V'l) = (since {|y?), |^)} 
is the only basis of eigenvectors of the state p). □ 

As shown in [15] for a finite-dimensional channel $ : T(Ha) — > T("Hb) 
the following relation holds 

£>($)= max [/($,p)-C($,p)] = sup /i) ] , 

pe6(n A ) H ,h 

where C ea _(Q, H, h) and C*($, iJ, /i) are respectively the entanglement-assisted 
capacity and the Holevo capacity of the channel $ with the linear constraint 
determined by inequality TiHp < h and the supremum is taken over all pairs 
(positive operator H, positive number h). Corollary [2] implies that -D($) > 
if <3> is not completely depolarizing. This completes the proof of the following 
list of properties of the parameter -D($) (showing that it can be considered 
as one of characteristics of the channel <3> describing its "level of noise"): 

• o $) < £>($) for any channel ^ : %(H B ) %tfic)\ 

• £>($) G [0, log dim H A }] 

• -D($) = log dim H.A if and only if $ is a noiseless channel (i.e. $ is 
unitary equivalent to the channel p h-> p ® cr, where a is a given state); 

• -D($) = if and only if $ is a completely depolarizing channel. 

4 Applications to Bosonic Gaussian channels 

Consider application of Theorem [3J to Bosonic Gaussian channels playing a 
central role in infinite-dimensional quantum information theory [HE]. 

Let Hx {X = A,B,...) be the space of irreducible representation of the 
Canonical Commutation Relations (CCR) 

W x (z)W x (z') = exp (~z T A x A W x (z' + z) 
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with a symplectic space (Z x , Ax) and the Weyl operators Wx{z) [51 Ch.12]. 
Denote by sx the number of modes of the system X, i.e. 2sx = dimZx- 

A Bosonic Gaussian channel <E> : %^Ka) ~~ ^CHb) is defined via the action 
of its dual $* : «B(H B ) -»■ 58(7^) on the Weyl operators: 

$*(%(«)) = W^(-Ks) exp [iZ T 2 - \z T az\ , z e Z B , (16) 

where A" is a linear operator Zb — > Za-, I is a 2s£-dimensional real row and 
a is a real symmetric (2s b) x (2s b ) matrix satisfying the inequality 

a > ±~ [A B - K T A A K] . (17) 

By applying replacement unitary transformations an arbitrary Gaussian 
channel can be transformed to the Gaussian channel with I = and the same 
matrices K and a (such channel is called centered and will be denoted $>k,o)- 
So, in study of relations between the constrained Holevo capacity and the 
quantum mutual information we may (and will) assume that all Gaussian 
channels are centered. 

It follows from Proposition 5 in [9] and Proposition 3 in [17] that: 

• $x,o is a discrete c-q channel if and only if K = (i.e. §K,a is com- 
pletely depolarizing); 

• $x,o has discrete c-q subchannels if and only if RanK ^ Za (i.e. 
rankX < dimZ^). 

Let <&K,a be a nontrivial Gaussian channel (K ^ 0). By the above obser- 
vations Theorem [3] shows that the strict inequality C(§K,a,p) < I($K,a,p) 
is valid for any non-degenerate state p with finite entropy while existence 
of mixed degenerate states, for which an equality holds in this inequality, is 
possible only if RanZT ^ Za- This condition holds in the following two cases: 

A) [RanK]- 1 is a nontrivial isotropic subspace of Za] 

B) [Ran/C]- 1 contains a nontrivial symplectic subspace. 

8 [RanX] ± is the skew-orthogonal complementary subspace to the subspace KanK of 
Za- We will use this sense of the symbol " _!_ " dealing with a subspace of a symplectic 
space. 
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By Proposition 3 in [T7] Gaussian channels corresponding to case B are 
characterized by existence of completely depolarizing subchannels. The proof 
of Proposition [1] below shows that any such channel can be represented as a 
partial trace over some input modes followed by a Gaussian channel which 
either corresponds to case A or satisfies the condition "RanK" = Za . So, 
we will focus attention on case A and will find all mixed states p with finite 
entropy such that C($K,a,p) — I{^K,aip) by describing the set H(<&K,a) 
(introduced in Theorem [3]) in the Schrodinger representation. 

Since the family {Wb(z)} z€ z b generates 23("Hb), it follows from definition 
( TT5"j) of the channel $K,a that ( | V?) I ) = for vectors tp, if) G %a if and 
only if ({p\Wa{Kz)\iP) = for all z G Zb- So, the set U(&K,a) consists of all 
orthonormal families {| ipi)} C Ha such that 

{(pilWAiKz)^) =0 fee Z B , Vz ^ j. (18) 

In case A Lemma 6 in [T7J Appendix 6.2] implies existence of a symplectic 
basis {ek,hk} in Za such that {ei, e SA , ha+i, h SA } is a basis in RanK, 
d < sa- Let Z B be a subspace of Z B with the basis {zf, z% , z% +1 , z% } 
such that e,k = Kz^ for all k — 1,sa and hu = Kz\ for all k = d+ 1,sa- 
Thus for any vector z G Z B represented as z = Ylk=i x k z t + J2l=d+i Vk z ki 
(x u ...,x 8A ) G W A , (y d+1 ,...,y SA ) G W A - d we have 

Y X ^k + Vk ~ hk J 

k=l k=d+l J 

= \W A {xie x ) ■ ... • W A {x SA e SA ) ■ W A {yd+ihd+i) • ■■■ • ^(y^^), 

where A = e l ' [a:d + l2/d + 1+ - +Xs A^A] ^ 0. 

By identifying the space Ha with the space L 2 (R SA ) of complex- valued 
functions of sa variables (which will be denoted £i,...,£s A ) and the Weyl 
operators WAifik) and WA(hk) with the operators 

i/j{Ci,...,is A ) ^ e^^^i,-,^) and ^(£i;- ; &J ^^(6,---,^ + 1,-.-,6a) 
the equality in ([18]) for the vector 2 can be written as follows 

J ^(a, u)(s yd+1 ,..,y SA vjm, .... &> i( * iei+ - + ^ 6 ^£i, de. x = 0, 
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where {S yd + u ..., v , A <p j ){£ 1 , 6J = <Pj(ti, 6,6+1 + Vd+i, -,6a + Vs A )- 

This equality holds for all (x u ...,x SA ) G 1R SA and (ya+i, -,y SA ) G R SA ~ d 
(that is for all z G Z%) if and only if 

^(6,-,6a)(^ +1i ...,^^)(6,-,6a) = 

for almost all (6, -, 6a) e ^ SA anci a11 (?/<i+i, -> Vs A ) e M SA ~ d . Since RanK = 
K(Zg), this means that condition (fl8|) is valid if and only if 

,..,>-, (' (mL 2 (M s -)) V(y d+1 , y SA ) G R^, Vz ^ j. (19) 

where S yd+lt ... ty is a shift operator along the last sa — d coordinates: 

(Syd+u-as^iti, ->6a) = ^(6, -, 6,6+1 + 2/d+i, -,6a + IfeJ- 

Condition flTTJ]) means, roughly speaking, that all shifts in R SA of the supports 
of all functions of the family {<fi} along the last sa — d coordinates do not 
intersect each other. 

Remark 4. Condition ffl9l) is completely determined by the subspace 
RanK. We will say that a family {fi} of functions satisfies condition / TJPj) 
determined by a subspace Z of Za (such that [Zq] 1 - is isotropic) if it satisfies 
analog of f[T9~j) constructed by using Z Q instead of RanK. □ 

Thus, in the Schrodinger representation the set U(<f>K,a) consists of all 
orthogonal families of functions in L2(M SA ) with unit norm satisfying 
condition (fl9|) . So, by Theorem [3JA., the equality C(§K,a,p) = I(^K,a,p) 
holds for a mixed state p with finite entropy if and only if this state p has a 
basis of eigenvectors {|y?i)} which (in the Schrodinger representation) satisfies 
condition ffl9|) . Theorem [3}\ also implies that the "if part of this assertion 
is valid for a state p with infinite entropy 

By using these observations and by noting that a basis of eigenvectors 
of any mixed Gaussian state can not satisfy condition (TT9~j) we obtain the 
following assertions. 

Proposition 1. Let (5f be the subset of & (Ha) consisting of all states 
with finite von Neumann entropy. 

A) If K 7^ (i.e. &K,a is not completely depolarizing) then 

C{$ K)a ,p) <I{$ K)0l ,p) (20) 

for any non- degenerate state p G &{, in particular, for any non-degenerate 
Gaussian state p. 

B) // RanK = Za then &ty) holds for any mixed state p G ©{. 
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C) If [RanK] 1 - is a nontrivial isotropic subspace of Z A then 

• inequality [2(ty holds for any mixed Gaussian state p and for a mixed 
state p G (5f having no basis of eigenvectors satisfying condition IU9\) ; 



• C(§K,a,p) = I(^K,a,p) for a mixed state p G ©("Ha) which has basis 
of eigenvectors satisfying condition / TTPj) . 

D) // [Ranif] contains a nontrivial symplectic subspace then there exist 
mixed Gaussian states p such that C(&K,a,p) = I($K,a, p)E 

Proof. We have to prove only the last assertion. 

If there exists a nontrivial symplectic subspace Z Ao of [Ranif] then 
Z A = Z Ao © Z At , where Z At = [Z^]- 1 , and hence H A = H Ao (g> H At . By 
using the concatenation rules for Gaussian channels (see [5j Ch.12]) it is easy 
to show that $K,a = $K',a ° ^> where \I/ is the partial trace in &(7-L A ) over 
the space Ha and $K',a is the Gaussian channel from &(% A „) to &(1-Lb) 
determined by the "output restriction" K' of the operator K and the same 
matrix a. It follows that for any pure Gaussian state p* = \ip*)(ip*\ i n 
<5(%aJ the subchannel of &K,a corresponding to the subspace T-Laq® {^l^*)} 
is completely depolarizing. Hence C*($x,a,Po ® P*) = H^K,a,Po <S> p*) = 
for any Gaussian state po in &{7i Ao ). □ 

Example 1. Applying Proposition [1] to one-mode Gaussian channels 
(s A = sb = 1) we see that for all such channels excepting channels of types 
Ai and A 2 (in Holevo's classification [7]) strict inequality (12"U|) holds for all 
mixed states with finite entropy. 

Type A\ corresponds to completely depolarizing channels. So, channels 
of type A2 are the only non-trivial one mode Gaussian channels for which 
strict equality ( 12"U|) is not valid for all mixed states. 

One-mode Gaussian channel of type A 2 is a non-discrete c-q channel, its 
canonical representative &K,a is determined by the parameters 



K 



1 













, a = 



N + l 
N + ± 



2 J 



N > 0. 



9 It is precisely case D in which the channel §K,a has completely depolarizing sub- 
channels [TTl Proposition 3]. Similar to case C in this case is also possible, by using the 



Schrodinger representation, to obtain an analogue of condition (|19|) describing all states 
pe&i for which 0(® K , a ,p) = I{$K,ot,p)- 
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This channel satisfies the condition of part C of Proposition [TJ In this case 
the basis {e^, hk} introduced in deriving condition ( ITU|) consists of the vectors 
§1 = [1,0] T , hi = [0, 1] T and RanK = {Aei}. So, in the corresponding 
Schrodinger representation (in which %a = Hb = L 2 (R)) condition f fl9|) is 
written as follows 

<Pi(Q<Pj(0 = almost everywhere in R for all i ^ j. (21) 

By Proposition [Tp, C(&K,a,p) = H^K,a,p) for any state in 

{-Hi} is a probability distribution j> , (22) 

where U(&K,a) is the set of all families {^(0) °f functions in L 2 (R) with unit 
norm satisfying condition ( 12 ip . An example of such family can be constructed 
by taking a decomposition {D{\ of R into disjoint measurable subsets and 
by choosing for each i a function v?i(£) with unit norm vanishing in R \ Dj. 

Proposition [Tp also shows that C(&K,a, p) < I(^K,a,p) for any mixed 
Gaussian state p and for any state p with finite entropy not lying in set f[2"2"|) . 

5 On the "complementary" inequality 

It follows from (fT4"j) that conditions for equality in f fl2|) can be reformulated as 
conditions for equality in via the notion of a complementary channel. We 
focused attention on the former conditions, since they are more important 
for applications, while the latter were used in the proofs as a "bridge" to 
reversibility properties of a channel. 

Theorem [3] is reformulated as follows. 

Theorem 4. Let $ : T(Ha) — > ^{Hb) be a quantum channel and 
II($) the set of all orthogonal families {\i)} of unit vectors in Ha such that 
supp$(|z)(i|) 1 supp$(|j)(j|) for all i ^ j. 

A) Let p be a mixed state in &{T-La) such that H(p) < +oo. The following 
statements are equivalent: 

(i) C(<S>,p) = H(p); 

(ii) the set II($) contains at least one basis of eigenvectors of the state p; 



U 
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(iii) $|<r(% ) is isometrically equivalent (see Definition^) to the channel 




Q ^ 



i,j=l k,l=l 



from T("H P ) into ZCHa^Hb) , where H p = suppp, {| is a particular 
orthonormal basis of eigenvectors of the state p, {IVW} ^ s a collection 
of vectors in a Hilbert space such that ^^™^ s ll^fcll 2 = 1 f or a ll i &nd 
{|A;)} is an orthonormal basis inHs- 

For a state p with infinite entropy the above statements are related as follows 
(ii) <S> (iii) (i). 

B) The set ©J of all mixed states p in &(7-La) with finite entropy, for which 
(i) holds, can be represented as follows 



where is the set of probability distributions with finite Shannon entropy. 

Proof. By using the standard representation of a complementary channel 
(formula (11) in [B]) and by noting that 



for any vectors \i) and \j) it is easy to show that statements (ii) and (iii) in 
Theorem H] are equivalent respectively to statements (ii) and (iii) in Theorem 
[3] for the channel $. □ 

Since a completely depolarizing channel is complementary to a noiseless 
(perfectly reversible) channel and vice versa [5J Ch.10], Corollary [5] is refor- 
mulated as follows. 

Corollary 3. If C(Q,p) = H(p) for any 2-rank state p then $ is a 
noiseless channel, i.e. $ is unitary equivalent to the channel p i— > p® a, 
where a is a given state. 

It is well known that the complementary channel to an arbitrary Gaussian 
channel is also Gaussian [21 15]. So, we may assume that &K,a = &l,/3, where 
L is a linear operator Z E — > Za and is a real symmetric (2s e) x (2s#) 




supp$(|i}(«|) JL supp$(|j)0'|) $(l*>01) = 
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matrix (satisfying the inequality similar to ( I17p ). It follows from Lemma 2 
in [IT] that 

[RanL] x = Kikeia) (23) 

and that the restriction the operator K to the subspace ker a is non-degenerate 
and symplectic, i.e. it preserves the corresponding skew-symmetrical forms 
Ax, X = A, B. So, we have 

{L = 0} <^ {§K,a is a noiseless channel}, {RanL = Za} {det a^O}, 
{the subspace [RanL]- 1 is isotropic} {the subspace ker a is isotropic}. 

Hence, by noting that RanL = [RanL]-*- 1 = [if (ker a)] 1 - one can reformulate 
Proposition [1] as follows. 

Proposition 2. Let (3f be the subset of &{1-La) consisting of all states 
with finite von Neumann entropy. 

A) If <&K,a is not a noiseless channel then 

C($ K , a ,p)<H(p) (24) 

for any non-degenerate state p G &{, in particular, for any non- degenerate 
Gaussian state p. 

B) If det a^O then (Efy holds for any mixed state p G ©f. 

C) If ker a is a nontrivial isotropic subspace of Zb then 

• inequality (Efy holds for any mixed Gaussian state p and for a mixed 
state p G ©f having no basis of eigenvectors which satisfies condition 
^E) determined by the subspace [if (ker a)} 1 - (see Remark^; 

• C(§K,a,p) = H(p) for a mixed state p G &{1-La) having basis of 
eigenvectors which satisfies condition (T7Sj] determined by the subspace 
[if (ker a)] 1 . 

D) If ker a contains a nontrivial symplectic subspace then there exist 
mixed Gaussian states p such that C(&K,a,p) = H(p). 

Example 2. Proposition 03 shows that for all one-mode Gaussian chan- 
nels excepting noiseless channels and channels of type Bi (in Holevo's classifi- 
cation [7]) strict inequality fl2~4|) holds for all mixed states with finite entropy. 
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The canonical one-mode Gaussian channel <&K,a of type Bi is determined 
by the parameters 



K = 



1 







- i 









, a = 


2 







1 









In the Schrodinger representation (in which Ha — Hb — ^O^)) condition 
f[T9"j) determined by the subspace [K(ker a)] 1 - = {[A,0] T } coincides with 
condition ftZT^M 

Hence, Proposition [2D shows that C(§K,a,p) = H(p) for any state in set 
(|22|) and that C(§K,a, p) < H(p) for any mixed Gaussian state p and for any 
state p with finite entropy not lying in set (1221) . 



Appendix: The proof of Theorem [3] in infinite- 
dimensions 

The proof of the implication (i) =>- (iii) in Theorem [3] given in Section 3 
is not directly generalized to the infinite-dimensional case because of pos- 
sible nonexistence of an ensemble {tt^, p{\ with average state p such that 
C(&,p) = x^H^i] Pi})- This problem can be overcome by using the notion 
of a generalized (continuous) ensemble. 

Following [8 J consider an arbitrary Borel probability measure p on the set 
&(Ha) as an input generalized ensemble for a channel $ : T("Ha) — > "^{Hb) 
and define its output %-quantity as follows 

XM= I H{<$>{p)\\<b{p{p)))p{dp) = H{<$>{p{p)))- I H($(p))n(dp), 

J<S(H A ) J<S(Ua) 

where p(p) = § & i Ha ) PP(dp) is the barycenter of the measure p and the 
second formula is valid under the condition H < +oo. 

Denote by V p {&(Ha)) the set of all Borel probability measures on the set 
&(Ha) supported by pure states. It follows from Corollary 1 in [8] that 

= sup xM, (25) 
pO)=p 



10 This is not surprising and follows from ([23]) . since the channel of type with iVo = 
is complementary to the channel of type B\ 5, Ch.12]. 
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where the supremum is over all measures in V p (&(T-La)) with the barycenter 
P- 

In contrast to the finite-dimensional case, the supremum in f )25|) is not 
attainable in general, but there exist sufficient conditions for its attainability, 
the simplest of them is the following: H(<&(p)) < +00 jSJ Corollary 2]. 

Now we are in a position to prove the implication (i) =>■ (iii). 

Assume first that H($(p)) < +00. This and the condition H(p) < +00 
imply i7($(p)) < +00 (by the triangle inequality). By Corollary 2 in [8] 
there exists a measure p, in V p {&(%a)) with the barycenter p such that 

C($,p)= x$ ( M ). 

If (i) holds then (fUj) implies C($,p) = H(p) = x(p>) an d hence X®(p) — 
x{p)- By Proposition 1 in [IB] (in which a generalization of Theorem [T] to 
continuous ensembles is established) this is equivalent to reversibility of the 
channel $ with respect to a family & of pure states such that p(&) = 1. 
Let & = [J k &k be a decomposition of & into disjoint non-orthogonally- 
decomposable subfamilies and {|y?fc)}i an orthonormal basis of eigenvectors of 
the positive operator p k = J 6fc pp:(p). Since p = J2kPk an d suppp^ -L supppz 
for all k 7^ I, {\(p\.)}ik is an orthonormal basis of eigenvectors of the state p. 

The same arguments as in the finite-dimensional case based on Theorem 
[2] show validity of (iii) with the basis {\fl.)}ik- 

If H(Q>(p)) = +00 then we can choose an increasing sequence {P n } of 
finite-rank projectors in Hb strongly converging to Iy_ B and consider the 
sequence {$ n = II n o$} of channels from T("Ha) into %(J-Lb), where U n (a) = 
P n aP n + [Tr(J^ s — P n )a]r is a channel from %(%b) into itself, r is a given 
pure state in &(%b)- By Lemma [2] (i) implies 

C($ n ,p)=I($ n ,p) 

for each n. Since H(<& n (p)) < +00, it follows from the previous part of the 
proof that (iii) and hence (ii) hold for the channel $ n for each n, i.e. 

*»(ltf><Pil) = Vi^j Vn, (26) 
where {|<p")} is a basis of eigenvectors of the state p (depending on n). 

If the state p has no multiple eigenvalues then it has the only (up to 
permutation and scalar multiplication) basis of eigenvectors {|</?i)} and (1261) 
implies 

= lim$ n (|^)(^|) = Wi^j, 
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i.e. validity of (ii) for the channel 

If the state p has multiple eigenvalues then the required basis {|<£>i}} can 
be we constructed as follows. 

For natural m let l-i m be the direct sum of the eigen-subspaces of the 
state p corresponding to its m maximal eigenvalues. Let d m = dimT-L m . We 
may consider that the vectors \<Pi), ■ ■ ■ |</>JL) °f the above basis belong 
to the subspace H m for each n. 

Let n\ be a sequence of natural numbers such that there exist 
lim|v?" fc ) = 1^-), i = Mi, 

(existence of this sequence and of the below subsequences follows from com- 
pactness of the unit ball of the subspace % m for each m). 

For m > 1 let n™ be a subsequence of tl^~ x such that there exist 
lip ^i* ) = m)> i = l,d m . 

k 

It follows from Q2gJ that 

*(\<P?)(<P?\) = \to*^{\<p?)(<pf\) = (27) 

for all i 7^ j not exceeding d m . 

By construction Iff 1 ) = ly?™" 1 ) f° r * = l)^m-i- So, we have the increas- 
ing sequence 

M)}-U c M)}ti c . . . c {\^}}ti ■ ■ ■ 

of orthonormal sets of eigenvectors of the state p such that {|¥?™)}f=i I s a 
basis in the subspace T-L m for which ( 12"T|) holds. 

It is clear that the union {l^)}^ 3 of all the sets of this sequence is a 
basis of eigenvectors of the state p such that <&(\(pi)(<pj\) = for all i ^ j. □ 

I am grateful to A.S.Holevo and to the participants of his seminar "Quan- 
tum probability, statistic, information" (the Steklov Mathematical Institute) 
for useful discussion. 
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